Nonlinear localized magnetic excitations in one dimensional magnonic crystal is investigated under periodic magntic field. The governing Landau-Lifshitz equation is transformed into variable coefficient nonlinear Schrodinger equation(VCNLS) using sterographic projection. The VCNLS equation is in general nonintegrable, by using painleve analysis necessary conditions for the VCNLS equation to pass Weiss- Tabor Usage: Secondary publications and information retrieval purposes.
I. INTRODUCTION
The study of nonlinear magnetic excitations in terms of solitary waves and solitons in ferromagnetic systems have attracted much interest in the past several years [1] [2] [3] [4] [5] [6] [7] . The results reveal that the dynamics is governed by Landau-Lifshitz equation which can be mapped to Nonlinear Schrodinger(NLS) family of equations [8] . In recent years, the studies on nonlinear systems with spatial periodicity has become a great topic of interest [9] . BEC in optical lattices [10, 11] , solitons in Photonic lattices [12] and periodic magnetic systems [13] [14] [15] etc., are the typical models among them. Motivated by these considerations, in the present paper we investigate the nature of excitation of magneization in one dimensional magnonic crysatal. Magnonic crysatal is a medium with spatially periodic variation of their magnetic properties in a definite direction. In the linear regime, observation of frequency band gap is well studied problem. The fundamental feature of periodic magnetic structures is energy band gap in their spectrum of spin waves. The band gap represents a range of energy values in which spinwave excitations are forbidden from propagating. The theoritical and experimental studies related to magnonic crystal mostly is devoted to linear phenomena. The investigation of propagation of soliton in magnonic crystal are insufficent, only few specific studies in the field that shows the experimental and numerical simulation results based on one dimensional NLS equation. The bright and dark solitons were observed in yittrium iron garnet films with artificial periodicity [13] [14] [15] . Morozove et.al [16] , investigated the features of formation of the soliton that are similar to bragg solitons in the ferromagnetic one dimensional periodic structure using coupled mode theory. He et.al [17] , studied the modulation instability and gap solitons in ferromagnetic films under periodic magnetic field using multiscale expansion method. The earlier studies are based on a homogeneous ferromagnetic films and achieve periodicity by varying the thickness of the films or by applying spatially periodic magnetic field [16, 17] . Here in this present study, we consider an infinite one dimensional magnonic crystal formed by periodic array of distinct elements and study the impact of material parameter variation on the localized excitation of magnetization under periodic magnetic field.. The paper is organized as follows. In Sec.II we consider the one dimensional magnonic crystal model under periodic magnetic field and derive the dynamical equation. In Sec.III The governing VCNLS equation is analyzed through painleve analysis to obtain integrability conditions and it is mapped into standard NLS equation using suitable transformation. In Sec.IV The results are presented.
II. MODEL AND DYNAMICAL EQUATION
We consider an infinite one dimensional magnonic crystal represented by a system of alternating uniform ferromagnetic layers of two different materials A and B as shown in Fig.(1) . The layers have different values of exchange length parameter,J ex and saturation magnetization,M S throughtout the sample. Let J ex,A and J ex,B be the exchange length for the ferromagnetic materials A and B respectively. Let M S,A and M S,B be the saturation magnetization for the ferromagnetic materials A and B respectively. Here z-axis is chosen normal to the plane of the layers. The equation of motion of the magnetization in the 1D-magnonic crystal is governed by the following Landau-Lifshitz(LL) equation [18] .
where γ is the gyromagnetic ratio and H ef f denotes the effective field. In general, the effective field H ef f is the sum of several components includes the applied field, anisotropy field, demagnetization field and exchange field which are all dependent on space.
The first component H 0 is the applied magnetic field which is inhomogeneous in space and applied along zdirection. The next component is the anistopy field, H ani which is given by
The another component H d arises entirely from the demagnetizing field that corresponds to shape anisotropy.
In the case of an xy-film, the demagnetization field is given by H d = λM zẑ . Where λ = −1. The exchange field H ex given by [19] ,
where
µoMS (x) 2 is the exchange length, A(x) is the exchange constant and M S (x) is the saturation magnetization. Thus, the total effective field H ef f takes the form,
Upon using the above expression for the effective field in Eq.
(1), we get
FIG. 1. Schematic drawing of one dimensional magnonic crystal and its coordinate system. A and B are two ferromagnetic materials.
Since the Landau-Lifshitz equation is a continous equation, the material parameters should be represented in continous form. To make its continous which are expanded in a Fourier series in the form,
After evaluating the coefficients of the Fourier series, we get the function J ex (x) in the form,
The saturation magnetization M s (x) is represented as,
(12) Similarly, the anisotropy constant β(x) is represented as,
. (14) where, ∆J = J ex,A − J ex,B , ∆M = M S,A − M S,B , ∆β = β A − β B and J av , M S,av and β av represents the average exchange length, saturation magnetization and anisotropy constant value of two ferromagnetic materials A and B respectively. The material parameters varies gradually at the interface between the two ferromagnetic materials and the average values of the material parameters represents, a value of material parameter of the periodic ferromagnetic system at the exact centre interface point between the two ferromagnetic materials. The LL equation is a vector nonlinear partial differential equation, it is difficult to solve in its original form. By using sterographic projection, we transform the LL equation into a nonlinear equation of a complex function. In the component form Eq. (7) becomes,
Defining,
where ψ is a complex variable and then we have,
Considering small deviations of magnetization from the equilibrium direction corresponding to |ψ| 2 << 1 and under the long wavelength approximation by keeping only the nonlinear terms of magnitude |ψ| 2 ψ [20] we obtain,
Here the temporal, and spatial coordinates are rescaled by t o = 1/(γM S,av ) and l o = (J av ) respectively. Let
Then the Eq. (21) becomes,
The Eq. (22) is the Nonlinear Scrödinger equation with variable coefficients. When f (x) = g(x) = h(x) = constant Eq. (22) reduces to completely integrable nonlinear schrödinger equation which admits N-soliton solutions [21] .
In the absence of cubic term, the above Eq. (22) is a linear periodic system and admits Bloch wave solutions. As mentioned earlier, in the linear studies observation frequency band gap is well studied problem.
The bandgap represents the range of energy values in which spin wave excitations are forbidden from propagating. From the fabrication point of view, experimental studies were performed on periodic structures composed of only one constituent magnetic material and achieve one dimensional periodicity in homogeneous ferromagnetic films which includes micron size shallow grooves etched on yttrium iron garnet(YIG) films [22] , one dimensional array of micron size metal stripes on YIG films [23] and by applying a periodic magnetic field of spatially varying strength [24] . Wang et.al., [25, 26] have achievd first bicomponent magnonic crystal experimentally which exhibit well defined frequency bandgaps.
The experimental results revealed that the tunability of the magnonic band gaps can be achieved by varying the width of the component stripes or by varying the materials.
In the presence of cubic term, It is completely nonlinear problem. The above VCNLS equation is in general nonintegrable, to solve the above equation analytically, in the next section integrability conditions are obtained by using painleve analysis. The integrability conditions are expressed in terms cofefficients of the VCNLS equation. The above equation admits soliton solutions only when the integrability conditions are satisfied.
III. PAINLEVE ANALYSIS AND INTEGRABILITY CONDITIONS
Several tools such as Painleve analysis [27] , Lax pair [28] and similarity transformation techniques [29] are available to solve VCNLS equation to obtain analytical solutions. Our analysis is based on the Painleve test for partial differential equations i.e., the Weiss-TaborCarnevale (WTC) test, which has been found to be a successful tool for investigate the integrability of partial differential equations. In this section, we use WTC test to obtain an integrability condition for the VCNLS equation and then under this condition, we look for a transformation which converts the Eq. (22) to the standard NLS equation. In order to perform conveniently, we rewrite the Eq. (22) and its complex conjugate by replacing ψ by a and ψ * by b obtain,
Where f (x), g(x) and h(x) are real functions.
The next step is to seek solution in the form of Laurent series,
Where a 0 , b 0 = 0 and a j , b j and φ(x, t) are analytic functions. α and β are negative integers to be determined from the leading order analysis. Atr j=4, we obtain integrability conditions,
i.e.,
Where k is an integration constant. By employing, Painleve method for the governing VCNLS Eq. (22) and we obtain integrability conditions. Here,
The above integrability conditions are consistent with Ref. [10] and Ref. [27] . The exchange constant, J ex (x) which is inhomogeneous in space related to the saturation magnetization M S (x) is given by Eq.(39) and it is first integrability conditions for Eq. (22) to be integrable. From Eq. (41) it is noted that form of the periodic applied magnetic field is determined by the ferromagnetic materials which forms the magnonic crystal. The applied magnetic field is periodic in space and its periodicity forms a periodic potential for the spin waves. The form of the potential is related to saturation magnetization M S (x) which is given by Eq.(41) and it is second integrability conditions for Eq. (22) to be integrable. Further, we have to construct the solution of VCNLS equation by using a transformation which converts the Eq. (22) into a standard NLS equation. We look for the transformation of the form [10] ,
where X = X(x) and T = T (t) and r(x) are the real functions to be determined. Substuting Eq. (42) into Eq. (22), We get set of following equations
and also,
By using the integrability conditions, the above equations are solved and gives
(36)
X(x) = g(x)dx and T (t) = t (37)
Then, we obtain solution of Eq. (22) by known solution of standard NLS equation, q(X, T ).
Here, q(X,T) is the solution of standard NLS equation Eq.(46) and there exists several methods to solve the standard NLS equation such as classical IST, DBT, Hirota bilinear method etc.,. In this paper, Hirota bilinear method is used to construct the dark one soliton solution.
V. RESULTS
From Eq.(49), we obtain
where the parameters C1 and C2 corresponds to the velocity and depth of the dark soliton.
(41) where M S,A and M S,B are the saturation magnetization for the ferromagnetic materials A and B respectively.
is the average saturation magnetization value of two ferromagnetic materials A and B. The material parameter M s (x) varies smoothly at the interface between the two ferromagnetic materials and the average value represents the saturation magnetization value of the periodic ferromagnetic system at the exact centre interface point between the two ferromagnetic materials. As we mentioned earlier, Landau-Lifishitz equation is a continous equation which describes the equation of motion of the magnetization in a ferromagnetic medium. Here we consider a periodic ferromagnetic system in which the material parameter varies periodically. In order to make it continous and incorporate into LL equation here we use fourier series to represent the periodic material variation into continous form. In the above equation, g(x) represents continous form for the variation of saturation magnetization value at each points in the periodic ferromagnetic system having equal widths. By using different ferromagnetic materials to form a periodic ferromagnetic structure, form of the g(x) changes accordingly. From ψ we obtain the components of magnetization,
The results indicates that the amplitude of the soliton solution depends on the nonlinearity coefficient g(x), which means that the soliton can be spatially modulated and which admits several interesting spatial phenomena.
=1 it represents homogeneous ferromagneic system which is governed by standard nonlinear Schrodinger equation and admits soliton solution which propagates in a homogeneous background shown in Fig. (2) . 
(45)
Where l n is the control parameter which determines the nature of the magnonic crystal.
Case (a):
Consider a magnonic crystal system formed by periodic array of distinct ferromagnetic elements of iron,(Fe) and cobalt,(Co). The magnonic crystal is formed with lattice constant, a is 500nm by choosing the width of the each layer as 250nm. The spatial magnon density profile, |Ψ| 2 and m z components in 3D and 2D of magnonic crystal for the combination of 250Fe/250Co are shown in Fig.(3a-3d) . Its corresponding periodic applied magnetic field which is the condition for integrability from Eq. (41) is shown in Fig.(4) . The excitation of magnetization in the form of spatially periodic localized modes is exists in the oscillatory background with structure similar to the form of spin Bloch waves [30] . Lattice Constant of magnonic crystal a=500nm 250Fe/250Co Consider a magnonic crystal system made of cobalt,(Co) and permalloy,(Py) with lattice constant, a=500nm by choosing each width as 250nm. The density profile, |Ψ| 2 and m z components in 3D and 2D of magnonic crystal for the combination of 250Co/250Py shown in Fig.(5) and its corresponding periodic applied magnetic field which is the condition for integrability from Eq.(41) are shown in Fig.(6) . As in the previous case, the excitation of magnetization in the form of soliton has spatial period exists on the background of spin Bloch waves. The parameter g(x) determines the nature of the magnetic crystal and periodic applied magnetic field which act as periodic potential for spin waves to satisfy the integrability condition. The stability nature of the soliton solution is depends on these parameters which are material dependent and its completely under our control. By choosing the ferromagnetic materials which forms the magnonic crystal of our interest, it is possible to tune the spatially modulated amplitude of the soliton. This spatially modulated amplitude soliton solutions with oscillatory background describes the nonlinear localized exicitation of magnetization in one dimensional magnonic crystal. Lattice Constant of magnonic crystal a=500nm 250Co/250Py
Material Saturation magnetization Ms (10 
V. CONCLUSION
In this paper, by transforming the governing LandauLifshitz equation of one dimensional magnonic crystal into Variable coefficient Nonlinear Schrodinger equation(VCNLS), we have investigated the dynamics of magnetization in one dimensional magnonic crystal and with aid of painleve analysis we constructed the soliton solution exists on the oscillatory background with structure similar to the form of spin Bloch waves. Such solutions exists in certain constraint conditions on the coefficients of the VCNLS equation. The results shows that the amplitude of the soliton solution has spatial period on the background of spin Bloch waves. The spatial distribution of the soliton profile determined by the free parameter g(x), which is depend on the saturation magnetization, M s values of the ferromagnetic materials which are used to form the magnonic crystal. From the case studies it is observed that by varying the parameter g(x) nonlinear coefficient of the VCNLS equation for diiferent combination of the magnonic crystal, the form of the periodic applied magnetic field can be changed to satisfy the integrability condition and which is act as the potential barrier for the spin waves and accordingly the desirable amplitude modulation of the soliton can be achieved.
